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A bstract
We trea t the question of large rotational maneuver and vibration stabilization 
of NASA Spacecraft Control Laboratory Experiment System (SCOLE). The 
m athem atical model of SCOLE System includes the dynamical equations for 
rigid body slew maneuver and three dimensional vibration of the rigid space 
shuttle, the flexible beam and the reflector with an offset mass. The contri­
bution of this thesis lies in the development of two control systems based on 
(i) Euler angles or (ii) angular velocity components as output variables for 
large rotational maneuvers and vibration suppression of the SCOLE System. 
Nonlinear inversion theory is used for the design. The design approach taken 
here is to decompose the rigid mode control from vibration stabilization.
For the first control system (Control System I), feedback input (shut­
tle torque)- output (attitude angles) map linearization technique is used for
designing a ttitude control system for large angle slewing. Linearization of 
input-output m ap is accomplished by nonlinear inversion theory. It is shown 
tha t a ttitude control system asymptotically decouples the flexible dynamics 
and linear feedback law is easily designed for vibration suppression.
A new control system (Control System II) is designed for detumbling and 
reorientation maneuvers of SCOLE System. The controlled outputs chosen 
for the Control System II are the angular velocity components. However, the 
maneuver excites the elastic modes of the beam. Interestingly the orbiter 
control law asymptotically linearizes flexible dynamics. Using the linearized 
model, a  linear feedback control law is designed for vibration suppression.
An observer is designed for estim ating the state variables using sensor 
outputs which are used for the synthesis of the Control Systems I and II. 
Simulation results are presented to show th a t in the closed-loop system large 
angle maneuvers can be accomplished using only the measured state  vari­
ables, and to show tha t in the closed-loop system detumbling and reorienta­
tion maneuvers can be accomplished and the effect of control and observation 
spillover is insignificant1.
1The research is partially supported by U.S. Army Research Office grant DAAL 03-87- 
G-0004.
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Chapter 1
Introduction
In recent years, m ajor strides have been made in the areas of feedback lin­
earization, sliding control, and nonlinear adaptation techniques. Many prac­
tical nonlinear control systems have been developed. The subject of nonlinear 
control is occupying an increasingly im portant place in autom atic control en­
gineering, and has become a necessary part of the fundamental background 
of control engineers. A t least one nonlinear component in the control system 
makes it nonlinear, and the problem is dealt with nonlinear control technique. 
In analysis, we design a closed-loop system, and determine the characteris­
tics of its behavior. In design, we take a nonlinear plant to be controlled and 
some specifications of closed-loop system behavior. The task is to construct
a controller so tha t the closed-loop system meets the desired characteristics.
Linear control systems have a variety of powerful methods and a long 
history of successful industrial applications. Thus, naturally one can wonder 
why so many researchers and designers, from such broad areas as aircraft 
and spacecraft control, robotics, process control, and biomedical engineering, 
have recently showed an active interest in the development and applications of 
nonlinear control methodologies. Many reasons can be cited for this interest:
(a) Linear control methods rely on the key assumption of small range 
operation for the linear model to be valid. W hen the required 
operation is large, a linear controller is likely to  perform very 
poorly or to be unstable, because the nonlinearities in the system 
cannot be properly compensated. Nonlinear controllers, on the 
other hand, may handle the nonlinearities in large range operation 
directly.
(b) Another assumption of linear control is tha t the system model is 
indeed linearizable. However, in control systems there are many 
nonlinearities whose discontinuous nature does not allow linear 
approximation. These include Coulomb friction, saturation, dead
zone, backlash, and hysteresis, and are often found in control en­
gineering. Their effects cannot be derived from linear methods, 
and nonlinear analysis techniques m ust be developed to predict a 
system ’s performance in the presence of these inherent nonlineari­
ties. Because nonlinearities frequently cause undesirable behavior 
of the control system, such as instabilities or spurious lim it cycles, 
their effects must be predicted and properly compensated for.
(c) In designing linear controllers, it is usually necessary to  assume 
th a t the  param eters of the system model are reasonably well known. 
However, many control problems involve uncertainties in the model 
param eters. A linear controller based on inaccurate or obsolete 
values of the model param eters may exhibit significant perfor­
mance degradation or even instability. Nonlinearities can be inten­
tionally introduced into the controller part of the control system 
so th a t model uncertainties can be tolerated.
(d) Good nonlinear control designs may be simpler and more intuitive 
than their linear counterparts. This a priori paradoxical result 
comes from the fact tha t nonlinear controller designs are often
3
deeply rooted in the physics of the plants.
There may be other related or unrelated reasons to  use nonlinear control 
techniques, such as cost and performance optimality. Linear control may 
require high quality actuators and sensors to produce linear behavior in the 
specified operation range, while nonlinear control may perm it the use of less 
expensive components with nonlinear characteristics.
Non-linear modeling allows the more realistic representation of the system 
throughout the entire spectrum of interest and most im portantly, is able to 
provide a realistic model in the presence of uncertainty. Unfortunately, the 
nonlinear models of systems have not gained popularity for control system 
design due to the complexity of the computations and the lack of adequate 
control laws. The original limited analytical methods for nonlinear systems 
like the describing function and phase portraits for second-order systems have 
been supplanted by a number of new results of greater power and flexibility. 
These techniques include Nonlinear Inverse Dynamics. The advancement of 
the com putational devices in terms of speed, memory, and precision have 
allowed more flexible use of these nonlinear techniques.
4
1.1 N o n lin ea r  In version
Nonlinear Inverse Dynamics (NID) is an approach to nonlinear control de­
sign which has attracted  a  great deal of research interest in recent years. The 
central idea of the approach is to  transform a nonlinear system dynamics into 
a linear one, so tha t linear control techniques can be applied. The first phase 
of the nonlinear inverse dynamics (NID) technique is to develop the deriva­
tives of the appropriate controlled outputs. The desired output equation is 
differentiated sufficient num ber of times such th a t control input appears in 
the equation. The inversion algorithms essentially give a systematic way to 
derive a sequence of systems by differentiation and nonlinear transformation 
on the output, such tha t the /3th system is right invertible, where /3 is the 
tracking order of the system. If we need to  differentiate the output r times 
to generate the term  containing control input, the system is said to have a 
relative degree r. It can also be shown tha t for any controllable system of 
order n, it will take at most n differentiations of any output for the control 
input to appear. This can be understood intuitively: if it took more than 
n differentiations, the system would be of the order higher than rz; if the 
control input never appeared, the system would totally be uncontrollable.
5
We have selected the question of rotational maneuver and vibration stabi­
lization of NASA Spacecraft Control Laboratory Experiment (SCOLE) Sys­
tem  for the design purpose.
1.2 N A S A  SC O L E  S y ste m
The laboratory apparatus includes the Space Shuttle (orbiter) connected by 
a long (130ft) flexible beam  to a hexagonal antenna or reflector, as shown in 
Fig. 1.1. The reflector and Shuttle are treated as rigid bodies. W hen the 
Shuttle is maneuvered, the flexible modes of the beam are excited. So the 
m athem atical model of this system includes the rigid body dynamics as well 
as the  elastic dynamics representing transverse and rotational deformations 
of the flexible beam  connecting the  shuttle and the reflector.
The prim ary control objective of the Spacecraft Control Laboratory Ex­
perim ent (SCOLE) is to direct the RF Line-of-Sight (LOS) of the antenna-like 
configuration towards a fixed target under the conditions of minimum time 
and limited control authority (Taylor and Balakrishnan 1983). This problem 
of directing the LOS of antenna-like configuration involves both the slew­
ing maneuver of the entire assembly and the vibration suppression of the
6
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Figure 1.1: SCOLE Configuration
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flexible antenna-like beam. The study of ordinary rigid-body slew maneu­
vers has received considerable attention in the literature Debs and Athans 
(1969) and Dwyer III (1982) due to the fact tha t any arbitrary large-angle 
slew maneuver involves kinematic nonlinearities. This is further complicated 
in the case of SCOLE by virtue of a flexible appendage deployed from the 
rigid space shuttle. The dynamics of arbitrary  large-angle slew maneuvers of 
SCOLE model are derived in this research as a set of coupled equations with 
the rigid-body motions including the nonlinear kinematic and the vibratory 
equations of the flexible appendage.
The dynamical equations of slewing maneuvers of this large flexible space­
craft are developed by writing the to tal kinetic and potential energy ex­
pressions for the entire system. The energy expressions are further utilized 
in formulating Lagrange’s equations which are expressed in term s of non­
generalized co-ordinates using an inertial co-ordinate system and a body- 
fixed co-ordinate system at the point of attachm ent of the flexible beam  to 
the shuttle. The generic model used for the analysis consists of a  distributed 
param eter beam  with two end masses. The three dimensional linear vibration 
analysis of this free-free beam model with end masses (Robertson 1985) is 
incorporated together with rigid-slewing maneuver dynamics which are writ­
8
ten in term s of four Euler param eters (Kane and Likins 1983) and angular 
rotation about an arbitrary axis of rotation to yield the final set of highly 
nonlinear and coupled equations. In the derivation of the equations, it is 
assumed th a t the vibratory analysis is for small motions.
Research related to  both dynamics and control system design has been 
performed and reported in literature, NASA reports (Kakad 1987; Storch 
et.al 1985; Taylor 1984-86), and SCOLE workshops (Bainum and D iarra 
1989; Fisher 1989; Joshi 1985; Kakad 1986; Lin 1986; Quinn and Meirovitch 
1986) at NASA Langley Research Center. Nonlinear invertibility theory has 
been used by Singh (1988). For designing controller for a simplified spacecraft 
system.
In Fisher (1989), the flexible-body control methodology for performing a 
large space structure (SCOLE) and simultaneously regulating the  associated 
flexural vibrations by linear methods is presented. To control slew maneuver 
and the flexural deformations, an LQR regulator is used.
In Bainum and D iarra (1989), a m athem atical model is developed to pre­
dict the dynamics of the orbiting SCOLE during the station keeping phase. 
The shuttle as well as the reflector are assumed to be rigid, the m ast is flexible 
and is assumed to undergo very small elastic displacements with compared to

its length. The linear regulator theory is used to  derive control laws for the 
linear model of the SCOLE including the first four flexible modes. During 
the simulation of this model, the three variational a ttitude angles, roll, pitch, 
and yaw, are each subjected to  a 6° single axis displacement. For each case, 
the effects of such displacements on the model am plitudes of the first four 
modes are studied. In Singh (1988), a control law for three-axis rotational 
maneuvers of a spacecraft (orbiter)-beam-tip body configuration based on 
nonlinear inversion and modal velocity feedback is studied.
1.3 C ontro l an d  S ta b iliza tio n  o f  
SC O L E  S y ste m
In this thesis we consider a large angle rotational maneuvers and vibration 
stabilization of NASA SCOLE System based on nonlinear inversion theory. 
The problem of maneuver control and zero dynamics stabilization are treated 
separately. Using invertibility and functional reproducibility results, a de­
coupling attitude control law is presented. In this approach the closed-loop 
system and attitude angles of the spacecraft are independently controlled
10
using the control moments acting on the spacecraft.
In this study two types of a ttitude  controller using inversion theory are 
designed
(a) taking attitude angles as an output vector.
(b) taking angular velocities as an output vector.
In case (a), the output (attitude angles) follows the  command trajectory, 
generated by third order filter, and stabilizes at the final required angles. 
In case (6), instead of controlling attitude angles, we control the resultant 
angular velocity. The advantage for designing this controller is tha t tha t 
we can have a nice a ttitude angle tracking as well as we can obtain the 
detumbling effect control law. In this case, we also observe the spillover 
effect of the residual modes. For the synthesis of control law, an observer 
is designed. The stabilization of zero dynamics is achieved by designing the 
output feedback stabilizer.
The technique in case (a) which is used in this research is similar to 
one introduced by Singh (1988), bu t this work differs in several ways. In 
this study, the m athem atical model considerably differs since the end body 
combined here has mass and inertia i.e. it has tip-body inertia (reflector), 
which makes it much more realistic. The vibration is not treated  only in
two axes, torsional modes axe also included in this study. Furthermore, 
representation of elastic deformation differs. The design of observer in this 
study has led to a realistic im plem entation of control law using measured 
variables.
The organization of the thesis is as follows. C hapter 2 describes the 
m athem atical model. Chapter 3 shows the control of a ttitude  angle by in­
version theory, and stabilization of flexural deformations by output feedback. 
C hapter 4 describes the detumbling and reorientation control law to control 
the angular velocity along the axes, and detumbling effect and the effect of 
spillover.
12
Chapter 2
M athem atical M odel
The m athem atical model of the SCOLE System is given in this chapter. A 
complete derivation of dynamical model is given in Kakad (1987). Here we 
briefly present relevant results for this study.
2.1 C o o rd in a te  S y ste m
The motion of SCOLE assembly when considered as a rigid body in space 
has six dynamic degrees of freedom: three of these define the location of the 
mass center, and three define the orientation (attitude) of the body. The 
motion of this rigid body is governed by newtonion laws of motion expressed
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in term s of changes in linear m om entum  and angular momentum. These 
relationships are valid only when the axes along which the motion is resolved 
are an inertial frame of reference (Friedland 1986; Goldstein 1981). To define 
the orientation of the orbiter in the space, a set of orthogonal axes fixed in 
the body is utilized. Then the a ttitude of the orbiter is defined in term s of 
the angles (61 , 62 , 83) between the body-fixed frame origin is located at the 
point of attachm ent of the flexible appendage with the rigid shuttle for this 
analysis (Fig. 1.1).
The transformation from the inertial frame to the body-fixed frame is 
given by the m atrix C  as developed in Fig. 2.1 where i , j , k represent 
the dexteral set of orthogonal unit vectors fixed in the body-fixed frame and 
61 is the rotation about i , 62 is the rotation about j  and 63 is the rotation 
about k • These rotations are carried out successively as shown in Fig. 2.2 
and the m atrix C T is given as
C T =
COS&2COS03 —cos92s in 03 s in 02
s in 0 i s in 02cos03 -f s in 03CosO\ —sin 0 \ s in 02s in 03 +  cosO\cos03 —sin 0 icos02
—cos0 \ s in 02cos03 +  sinO\sin03 cos0 i s in 02sin03 -f cos03s in 0 \ cos0 icos02
(2 .1 )
14
k '
(a) (b)
(c) (d)
Figure 2.1: Axes in reference position (b) F irst rotation about x-axis
(c) Second rotation about y-axis (d) Final rotation about 2-axis
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C . G .
Figure 2.2: Position Vector in the Inertial Frame
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In order to  completely define the attitude, it is needed to relate the ro ta­
tion angles 9\, 9%, and 93 to the angular velocity components wi, lo2 and ^3 
of the orbit. One way of obtaining the required relations is via body-three 
angles m ethod (Kane and Likins 1983) which was utilized in developing C 
m atrix in (2 .1) and these relations are
9\ =  {uj\cos93 — Lo2sin93) /  cos92
92 = (u>isin93 +  u)2cos93)
93 = (—u)\cos9s + ui2sin9s)'tan92 +  u>3 (2.2)
Thus, the angular velocity of the orbiter can be obtained in the inertial 
frame by means of the following transformation
w =  M t 9 (2.3)
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where the transform ation M T is given as
M t  =
cosO^cosOz sinOz 0
—cos02sindz cosd 3 0 
sinO 2 0 1
(2.4)
where T  denotes transposition.
Although the body-three angles m ethod is used here for obtaining the 
transformation C  and M , there are three other methods which can be used 
to obtain the same transformations. A detailed discussion of all the methods
is given in Kane and Likins (1983).
2.2 K in e tic  E n ergy
If the position vector of the mass center of the orbiter in the inertial frame 
(Fig. 2.2), R, is given as
R =
R x
R y
R z
(2.5)
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then  the velocity  o f th e m ass center in th e inertial frame is
V \ t )  =
Rx
Ry
Rz
(2 .6 )
This velocity can be transformed in the body-fixed frame as
V(i)  =  C
Rx
R y
Rz
(2.7)
The velocity of the point of attachm ent in the body-fixed frame is
Vo =  V  + u) x r (2 .8 )
where r is the vector from orbiter mass center to the point of attachm ent.
Defining the position vector (Fig. 2.3), a, of a mass element on the beam 
from the point of attachm ent before deformation as
19
Figure 2.3: Vectors in B ody-F ixed  Frame
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a =
0
0 (2.9)
and the displacement vector of this mass element as
d(z ,t)  =
ux( z , i )  
uy( z , t ) 
0
(2 . 10)
the position vector after deflection is given as (a +  d). The kinetic energy in 
the beam (Storch et.al 1985) is
T0 =  \mV(fVo  -f | ujt [J]lo — m F j’Icju +  |  f  cP'ddm
- f  V j  J  ddm - f  u T J  dddm  - f  — J K  u'y d l
u
u’ (2 .11)
where the vector c is from the point of attachm ent to the mass center of the
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beam  and if it is assum ed that the beam  is a thin rod, then it is given as
c =
adm =
0
0
—L
2
(2 .12)
and using the skew symmetric form for the vector cross product for any two 
vectors c and uj (in the same reference) as
C X UJ =  lc\u
0 -C z cy
c = Cz 0 Ox
~ cy Ox 0
(2.13)
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Also, the moment of inertia m atrix  is given as
J  =  (1)PL3
1 0 0 
0 1 0 
0 0 0
where p is the mass per unit length of the beam. The last term  ii 
corresponding to torsional motion is given as
2 /  [ <  u'y uj, d l
u'
U j,
-  2 /  *
| ( pds)s2 0 0 K
0 |(p d s )s 2 0 u'y
0 0 0 Uj,
Uj,
The kinetic energy equation (2.11) can be simplified as
T\ = \ PL V ?V 0 +  \pL*[u\ +  -  PLVq cu>
+  P L ±  9i +  VoT a  +  “ T P  +  \ p  1 P 5 i $  +  E "=1 P eiq f
t=i ^ L
(2.14)
(2 . 11)
(2.15)
(2.16)
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where ux, uy, u u ' x, u'y, a ( t ), $(t) ,  and pji, j  =  1, 2 , . . . ,6 are defined in 
Kakad (1987).
The kinetic energy of the reflector is
T2 =  ( l ) m 2VoV0 -  m 2V£d(L)  +  \ m 2L 2[u\ +  wQ 
+ m 2ujTa(L)d(L)
+  2m 2[E,=i !Cj=:i (T )(f)xj(L)q>qj
+  £ £  M L ) M L ) i w ]  + \ P Th P  +  (2.17)
i=l j=1 Z Z
The kinetic energy of the shuttle, Ti, is given as
Ti =  l- m 0V TV  +  ^ T[I0]u> (2.18)
where mo is the mass of the shuttle and Iq is the mass moment of inertia
m atrix of the shuttle.
The to tal kinetic energy is given as
T = T0 + T1 + Ti (2.19)
which is simplified to give
24
T  =  |  m 0V TV  +  u T[H]V +  & T[I0]u>
-+- V T[Ai]q + uF\A<^q +  ■^ qr \A^q  (2.20)
all undefined param eters can be found in Kakad (1987).
2.3 E q u a tio n s o f  M o tio n
Lagrange’s equations of motion for the case of independent generalized co­
ordinate qk are
± d T _ d T = _ d U
d td q k dqk Qk dqk 1 ‘ j
where k =  1 ,2 ,3 ,..., n , T  =  T(q,q)  is the kinetic energy. U = U(q) is the  po­
tential energy, and Qk are the generalized forces arising from nonconservative 
sources.
The generalized co-ordinates are:
R x , Ry j Rz — position of orbiter mass center relative to inertial frame.
#i, 02, 03 — roll, pitch, and yaw angles of orbiter.
9ij <12, 93) — modal deformation co-ordinates for the beam.
Rewriting (2.20)
T. = \ m 0V TV + u>T[H]V +
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+  V T[A^\q +  u}T [A2]q +  - ^ [ A ^ q  (2.22)
where Ts = Ts(V,to,q).
2.3.1 Translation Equations
From the chain rule applied to (2.20) using (2.7), one gets
d T /d R x dTJdVo
d T /d R y = C T dTs/ 8 V2
d T /d R z dT3/dV 3
Also, the generalized forces are C F ( t ) where
F (t)  = Fl (t) + F2 (t) (2.24)
Fi(t)  represents the force applied at the orbiter mass center and F2{t) repre­
sents the force applied at the reflector mass center. From Lagrange’s equa­
tions
d_
dt dTJdV + CC d T jd V = m (2.25)
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and from (2.22)
d T j d V — moV — H u  +  A\q
Substituting (2.26) in (2.25),
mQV -  H u  +  Aiq  =  — C C T(m0V  — H u  +  Aiq)  +  F(t)
This can be rewritten as
m 0V — H u  +  Aiq =  N i +  F ( t )
2.3.2 Rotational Equations 
From (2.3) we have
u  =  M t 6
Again using the chain rule
dT/dd M dT s jdu
(2.26)
(2.27)
(2.28)
(2.29)
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A lso
dT/dOi d v T/de1
dT/d62 = dV T/d92
dT/de3 d v T/de3
dTs/ d V +
d J T/de1
d u r / d 0 2
d u r /d e 3
dTs/d<w
From (2.22)
d T J d  cj — H V  +  Jqw -f A 2q
(2.30)
(2.31)
and as before
dTs/d V
Using the Lagrange’s equations
=  m oV  — H uj +  A\q (2.32)
1
dt d T /d 6 dT/dO  =  M G (2.33)
where G  is the net mom ent about the mass center of the orbiter with respect 
to  the body-fixed frame. It is given as
G — Go +  (r +  a) x  F2 (2.34)
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Go is the external moment applied about the mass center. Equation (2.33) 
can be simplified as
H V  +  J0w +  A 2q =  G +  N 2 (2.35)
where N 2 is given in Kakad (1987).
2.3.3 Vibration Equation of the Beam
Since Ts in (2.22) is given in term s of q which is a vector of generalized 
velocities,
dTs/dq  =  d T /d q
and
d T /d q = A ^ V  + A ^  + A jq  (2.36)
The potential energy in the beam  is given by
U = l- q TK q  (2.37)
where K  is the stiffness matrix.
Using the Lagrangian equations we get
A ? V  + A f y  + A 3q = - K q  + Q (t) (2.38)
29
where Q (t) represents the generalized force vector.
2.3.4 Slewing Equations
Here, a slew maneuver is considered to be purely rotational, so the trans­
lation velocity and acceleration can be shown to be negligible during the slew 
maneuver and only the rotational and vibration equations are required for 
the analysis and they are simplified by setting V  =  0 in both (2.35) and 
(2.38) and are w ritten as follows
I qCj +  A 2q =  G (t) -f- iV2(w) (2.39)
A^u> +  A$q +  K q  =  Q (t) (2.40)
where G (t) is the net mom ent applied about the mass center of the orbiter 
and is given by the following equations
G(t) = G0(t) + {r + a ) x F 2 (2.41)
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Q(t) is given by th e following equation
Q(t) =
' E j L l i Q j x l i t )  + Qj y l ( t ) )  + Qxl  + Qyl  + Qipi 
YJjLl {Qjx2{ t )  + Qj y2{ t ) )  + Qx  2 +  Qy  2 + 2
{Qjxi { t )  + Qj y i { t )) + Qxi  + Qyi  + Qip2
where
Qx i ( t) = F2x(t)<j>xi(L) 
Qyi{ t )  =  F2y(t)<j>yi(L)
Q^{t) =  ■
Here, F2 is the force applied at the reflector C.G. and F2x and F' 
components of the force in x — y directions.
(2.42)
(2.43)
are the
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Thus,
M ^(t)  =  Fix^y +  F2yTx +  (2.44)
The location of reflector C.G. is given by co-ordinates (rx , r y) and rep­
resents the external moment applied at the reflector C.G.
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Chapter 3 
R eorientation and V ibration  
Control of N A SA  SCOLE  
System
3.1 In tro d u ctio n
An im portant class of shuttle deployed payloads consists of cantilevered 
beam-like structures with massive tip bodies. A design challenge was posed 
by Taylor and Balakrishnan (1983) for the control of such a system. In the 
design challenge, the Spacecraft Control Laboratory Experiment (SCOLE)
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was set up by NASA Langley Research Center to provide a standard config­
uration to test control laws for investigators.
We treat the question of large-angle rotational maneuver and elastic mode 
stabilization of SCOLE system based on input (Shuttle torque)-output (at­
titude angles) feedback linearization for a ttitude control and linear feedback 
for vibration suppression. An i-o feedback linearizing control law is derived 
by using the inversion theory for nonlinear dynamical systems. The in­
verse technique gives rise to  decouple linear a ttitude dynamics and allows 
independent control of a ttitude angles. The use of inversion theory has an 
additional advantage since the elastic dynamics of the SCOLE configuration 
representing transverse vibration in two orthogonal plans and the torsional 
deformation of the elastic beam are asymptotically decoupled from the rigid 
mode dynamics. Since as usual only small elastic deformations are assumed 
here, the decoupled elastic dynamics are linear. Using linear control theory 
stabilizer is then designed for elastic mode stabilization. For the synthesis 
of the controller only a ttitude angles, angular rates, tip elastic deflection 
components and torsion deflection at the tip of the beam are assumed to be 
measured by sensors. An observer is designed to estim ate the elastic modes 
and their derivatives, and these are used for synthesizing the control law.
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The organization of the chapter is as follows. Section 2 presents the 
m athem atical model. Inverse attitude control law is derived in section 3. 
Section 4 presents elastic mode stabilizer. Observer design is presented in 
section 5 and finally section 6 presents simulation results.
3.2  M a th e m a tic a l M o d e l o f  SC O LE S y stem
We shall be interested in the rotational and elastic dynamics of SCOLE 
system in this study. To describe the orientation of the orbiter a body fixed 
orthogonal coordinate system with axes x,y,z  is utilized. The a ttitude of the 
orbiter is defined by a sequence of rotation 0i ,# 2,03 (roll,pitch,yaw), with 
respect to an inertial coordinate system. The body-fixed coordinate frame 
has its origin a t the point of attachm ent of the flexible appendage with the 
rigid Shuttle for this study.
The orientation of the orbiter is completely described by the differential 
equations relating the rotation angles and the angular velocity components 
(u)i,u)2,u)3 ) of the orbiter which are
0 = M ~ Tu  (3.1)
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where
and
M T =
cos62cosQz sinOz 0 
—cosOzsinQz cosQz 0 
sinO 2 0 1
The elastic beam is allowed to undergo transverse elastic deformations along 
axes x and y, and torsional deformation about axis z. Elastic deformations 
are assumed to be linear combinations of admissible functions <f>xi(s), <f>yi(s) 
and <f)^i(s), i=l,2,3,...,n, where s denotes the distance on the beam from 
the attachm ent point of the beam  and the orbiter. The chosen admissible 
functions are
i /  \ a . Oi{S _  Qlj«S —^ _ Ct^S _ Qlj’*S . _ .
<Pxi{s) = A xi s m —— +  B xiCos—j— +  G xi s m h —— +  DxiCosh-y~ (3.2) 
b  b  b  b
/  /  \  A  • n  a iS s - 1  • i  t \  7 / nVyiK3) =  A y i s m - j -  +  B yiCos—j -  +  G yiSinh—— +  DyiCosh—j -  (3.3)
b  b  b  b
s s
—  AipiSZflOtipi "p "  “ 1“  J3ipiCOSQ[‘jpi~T'
b  b
(3.4)
The param eters A xi ,A yi,a i  etc, are explained in Kakad (1987).
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The elastic deformations are explained as linear combinations of admis­
sible functions as
n
u*(s ) =  ^xi(s)qi{t) (3.5)
i=l
% (s ) =  j b t M V i i t )  (3-6)
*=1
n
uy,(s) =  y  ] ^ « ( 5)9t(^) (3-7)
i=l
where ux, uy are the elastic deformations along a;, y axes and is the tor­
sional deformation about z-axis respectively. Here g,(t), i= l,2 ,3 ,.. . ,n , are the 
modal deformation co-ordinates for the beam. Define u  =  (u>i,u;2,u;3)T ,q  =  
(<7i,<?2, •»)9n)T (T denotes transposition). Let Go = (Ghi, (jo2, Gra)7  be the 
external torque vector applied on the orbiter, F  = (Fx, Fy)T be the external 
control forces applied at the reflector center of the mass and M$r be the 
mom ent applied about z-axis at the reflector center of mass.
The equations of motion are obtained by using Lagrangian approach. For
this, the expressions for the kinetic and potential energies are first obtained.
The potential energy includes the strain energy due to transverse bending 
as well as due to torsional deformation of the elastic beam. The complete 
equations of motion describing rotational and elastic behavior of the SCOLE
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system have been derived in Kakad (1987) (Readers may refer for the de­
tails). In this study we shall be interested only in the rotational and elastic 
dynamics. These are
io  A 2
A l  A 3
U) N 2(0 ,9 ,u ,q ) Bi
= +
9 - K q b 2
u (3.8)
where 6 =  (61 , 62 , 0z)T, K  is the stiffness matrix, iV2 is a nonlinear vec­
tor function, Bi (f =  1, 2 ,3 , . . . ,n) are the constant input matrices, u =  
(Gq , F T , M ^r)T E B? is the control input vector and
Bl =  [73x3 B12] 
B2 =  [0„x3 B22]
Here I  and O denote identity and null matrices of indicated dimensions. The 
m atrix D
D  =
Iq A 2 
An As
is a positive definite symmetric matrix.
Defining the state vector x=(0T,u>T,qT,qT)T € R n° ,n 0 =  (2n +  6 ), one
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can obtain a sta te variable representation from  (3.8) of the form
x  =  f ( x ) +  B u  (3.9)
where
f ( x )  = f ^ ( x ) ,  qT, f j ( x ) ) T (3.10)
f u(x), f q(x) and B  are easily determined by comparing (3.8) and (3.9).
Let the controlled output vector be
y = 6 = c{x) (3.11)
and yc(t) € R 3 be any given reference trajectory. We are interested in deriv­
ing a control law such tha t in the closed-loop system the output y(t) tracks 
the reference trajectory yc{t), and elastic modes are stabilized. This design 
objective will be accomplished by designing an inverse a ttitude controller for 
the orbiter for a ttitude angle tracking using orbiter moments; and an elastic 
mode stabilizer for vibration suppression using tip body external forces and 
moments.
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3 .3  In verse A tt itu d e  C on tro l
In this section the design of control system for a ttitude trajectory tracking is 
considered. To derive the control law the inversion of the input (Go)- output 
(0) map is considered. In the following, an inversion algorithm (Hirschorn 
1979) will be used to obtain an invertible system which will give the structure 
of the controller. This algorithm essentially gives a system atic procedure for 
obtaining a sequence of systems by the differentiation of the output and 
applying nonlinear transformations. Although, the algorithm is applicable 
for more general systems, the actuator dynamics have been neglected here 
for simplicity.
Let B g be the first three columns of m atrix B  and B  = [Bg B r\. Then 
the system (3.9) can be w ritten as
x(t)  =  f ( x , u r) +  B gug (3.12)
where
u = ( u j ,u?)
Ug =  G q
40
ur = ( F T, M t r ) T
and
f ( x , U r) =  f { x )  +  B r Ur
In the following we define certain operators which will be useful in the 
sequel. For the vector function c(x) ,  we define
Lj(c)(x)  = [<dc(x ) /dx] f (x )
L}(c)(x)  = L f (Lf (c))(x) (3.13)
L BgL f ( c ) { x )  =  [ d L f ( c ) ( x ) / d x ] B g
Differentiating y and using (3.12) gives System 1 and System 2 of the form 
System 1:
^ ( f )    y ( x , U r) BgVtg
z ! =  Lj(c){x)  (3.14)
System 2:
i ( f )    y ( iC ,t i ,.) B gllg
z 2 =  L 2j{c ) (x ,u r) +  D*(x)ug (3.15)
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where L 2 (c)(x) is easily obtained using definition (3.13), z\ = y, z2 = jj, and 
D*(x) =  Lb 9Lj(c)(x) .  Let R  be the 3x3 subm atrix formed by the first three 
rows and first three columns of D~l . Then it can be easily seen that
D* =  M ~ t R  (3.16)
We shall be interested in a region Cl of the sta te  space where f1= {x: 
62 7  ^ 7T ±  7r / 2}. We notice th a t R  is nonsingular and M ~ T exists in Cl. Thus 
D* is invertible in Cl and each component of the output has relative degree 
2. The inversion algorithm term inates here; and System 2 is invertible.
Following Singh (1988), in view of (3.15), one obtains an i-o feedback 
linearizing control of the form
ug = D - ' i - L f c X x )  -  P2$ -  P j  -  P0x s +  6C] (3.17)
where P, = diag(pij), i=0,l,2;  j —1,2,3] 6 = ( 6  — 6C) is the tracking error and 
xs is the integral of the tracking error, i.e,
xs = 6 (3.18)
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The nonlinear control law includes proportional, derivative and integral 
(PID) type feedback. Integral feedback of trajectory  error introduces robust­
ness in the control system.
Substituting control law (3.17) in the output equation (3.15), gives
9 +  P29 -f- Pi6 -)- Pqxs =  0 (3.19)
which can be differentiated to yield
§ +P2$ + P16 + Po9 = 0 (3.20)
It is obvious from (3.20) th a t each component 6i(t)=(9i(t) — 6ci(t)) can be
independently controlled where 9C =  (9C\, 9c2,9c3)T . Let the characteristic
polynomial associated with 9{ in (3.20) be of the form
(s -f Acj)(s2 +  2(c{UjnciS uj2ci) =  0 (3.21)
The matrices P, are easily determined from (3.21). The parameters Ac,-, 
and uinci are chosen such th a t (3.20) is asymptotically stable.
The inverse a ttitude control law causes tracking of the command trajec­
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tory 9C. Indeed if matching conditions
5(0) =  0
0(0) =  0 (3.22)
0(0) = 0
are satisfied; one has 9(t) = 9c(t), t>0, and 0c(t) is exactly reproduced. 
However, slewing of the spacecraft excites the flexible modes and it becomes 
essential to damp the elastic oscillations so that the target in the space is 
tracked.
3 .4  E la stic  M o d e  S tab ilizer
We assume in this section tha t the reference trajectory is such th a t 6 c(t) —> 
0 *, where 6* corresponds to a desired term inal orientation of the orbiter 
and 6C —>0, 9C —>0, as t—> oo. For such a trajectory, in the closed-loop 
system, one has 0 (t) —> 6C —> 6 *, and 9(t) —>0 , u>(t) —>0 , 0 (t) —> 0 , as t —> oo. 
Interestingly, in the closed-loop system, in view of (3.8), the elastic dynamics
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are asym ptotically  decoupled, and reduces to
A^q =  -K q - \r  i?22ur (3.23)
Defining z=(qT,qT), one obtains a state variable for (3.23) as
Onxn fnxn 
~A q 1K  0nXn
0
2  + U T
A $ l  B 2 2
(3.24)
=  A ez  -f B eur
For the stabilization of (3.24), one can use linear quadratic optimization or 
pole assignment technique. We have chosen pole assignment technique in this 
study. The closed-loop poles are chosen to be located at -.55± lj,
-.55±3j, -.55±5j, and -,55±7j.
The linear feedback control law is
Ur = —F.z (3.25)
The closed-loop system m atrix  A ec = (A e — B eFe) is a Hurwitz matrix.
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It is interesting to  note th a t use of inverse a ttitude  controller simplifies 
the stabilization problem to  a linear design problem of a lower order system 
and this design is carried out independently.
3.5 O bserver D es ig n
The control laws (3.17) and (3.25) require knowledge of complete state vari­
ables. We assume th a t only measured variables are 9, u ,  and the elastic 
deformation ux(L), u y(L),  and u^(L)  at the tip of the beam. For the syn­
thesis of the controller, it is essential to construct the variables q and q. 
W ith these measurements, the system (3.8) can be considered as an on­
line linear time-varying system since the nonlinear function is of the form 
N 2 — N 2c{6 , 9 ,u>) +  N 2/ ( 9 , 9 ,u>)q which is linear in q and N 2j  depends on 
measured variables. However, design of observer for a tim e varying system 
is not easy. Since N 2 contains term s of second order in derivatives of and 
q N 2/  is small and , therefore, it can be neglected for simplicity in design 
of the observer.
Setting N 2/q = 0  in N 2 in (3.8); one obtains the following equation for
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elastic modes
q = R2
N 2c(6 ,0 ,u )  + B iu  
—K q  +  B 2u
(3.26)
where R 2 consists of last n rows of D 1. Since N 2c, and u are known, a state 
variable representation of (3.26) is
z  =
0 I  
■R22K  0
z + g(0,9,u>,u) (3.27)
where g is obtained from (3.26), R 2 =  [i?2i -^22], and R 22 is n  x  n m atrix.
The associated measurement equation is linear function of q of the form
ym —  Cmq (3.28)
Define A m as
Am —
0 I
—R 22 k  0
then the sta te  observer takes the form
z = A mz + g(6 , 0, uj, u) +  H (y m -  Cmz) (3.29)
47
where z  is the estim ate of sta te  z, and the m atrix  H  is determined such tha t 
the m atrix (Am — H C m)  is Hurwitz. Again, the m atrix H  can be found using 
LQR  or pole assignment technique. In this study, we use the pole assignment 
technique.
The observation error z = (z — z) satisfies
I  =  (Am -  H C m)z (3.30)
which is asymptotically stable and z(t)  —*■ z,  as t —» oo. For simulation 
m atrix H  is chosen such th a t the observer poles (eigen values of [Am — H C m]) 
are at —8 ±  4j ,  —8 ±  6j ,  —8 ±  8j ,  —8 ±  lOj.
For the synthesis of the controller, q, q in control law (3.17) and (3.25) 
are replaced by q and q. The complete closed-loop system is shown in 
Fig. 3.1.
3.6  S im u la tio n  R esu lts
We present here the results of digital simulation for various initial conditions 
and param eters. The appendix lists the maximum limits of control inputs
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Figure 3.1: Block Diagram of the System
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system. The mass of the antenna is 400/6s, and the mass of the Shuttle body 
is 2 .050xl05/6s Fisher (1989).
For tracking a representative command reference trajectory is generated 
using a third order filter
0ci + ( 2 C c » 'W n c t  +  Xci)6  +  2 ( £ c ;W n c ,-A c i  +  OJ^ ci)8ci +  u \ ci\ ci8ci =  ^nci^ci8* (3.31)
such tha t its poles are at -A„• and {—(d^nd ±joJnci( l  -  Cc{)1/2}- The param ­
eters chosen are (C1- =  .707, and u nc{ =  \ ci / (d-  By a proper choice of A c:-, 
one can obtain desirable fast reference attitude trajectories for tracking. The 
term inal angles 0* are chosen 20°, 17°, and 15° (roll, pitch, and yaw respec­
tively). Since in the practical situation, the control magnitudes are limited, 
we have introduced control saturation functions in digital simulation.
(a) T ra je c to ry  C o n tro l: S ta b iliz e r  O p en  L oop
In order to observe the behavior of the closed-loop system (3.8), 
(3.17), and (3.18), this simulation was done without the stabilizer. 
In this case the forces and moment M,pr are zero. The initial 
conditions were set as 0(O)=O, w(0)=0, xs(0)=0, q(0)=0, ?(0)=(-
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.22,-.86 ,.9,.88), q =  0, $=(.22,.16,-.80,-.98). The elastic mode error 
(<7(0) — 9 (0 )) was introduced to examine the state reconstruction 
ability of the observer. Only measured and estim ated states are 
used for synthesis of the controller. Selected response plots are 
shown in Fig. 3.2. The response time for the 9 is nearly 10 
seconds. The simulation results show the periodic and bounded 
oscillations of elastic modes and control moments as expected.
(b) T ra je c to ry  C o n tro l: S ta b iliz e r  L oop  C losed
The complete closed-loop system including the stabilizer (3.24), 
and (3.25) was simulated. The initial conditions and inverse con­
troller param eters of case (a) were retained. The selected simu­
lation results are shown in Fig. 3.2. The attitude angle response 
remained very similar to those of case (a). The stabilizer ex­
erts a force in both x and y axes which causes a sudden change 
in responses when it is switched on. The poles of the stabilizer 
are properly selected such tha t the elastic oscillations are rapidly 
suppressed. Although, one can design a stabilizer for even faster
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stabilization, this will require larger control forces and moments. 
We notice only a small elastic deformation. Of course, the ac­
tual deformation will be more since the contribution of residual 
modes need to be added. We observed smooth a ttitude  trajectory 
following and elastic mode stabilization.
3.7  C on clu sion
The control of slewing maneuvers of NASA SCOLE system was considered. 
The design was accomplished by decomposing the slew maneuver problem 
from the elastic mode stabilization problem. O rbiter orientation control sys­
tem was designed using nonlinear i-o m ap inversion theory. Using the inverse 
attitude controller any smooth a ttitude trajectory can be followed. The in­
verse controller includes PID feedback of a ttitude errors. Stabilization of 
elastic modes was accomplished by a  linear stabilizer using end body forces 
and moment. Interestingly, the design of stabilizer was carried out off-line 
separately. For the synthesis of the controller, a linear state estim ator was 
designed using elastic deformations of the  beam  at the tip. Extensive sim­
ulation results showed tha t the large maneuvers of the spacecraft can be
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performed to follow precise a ttitude trajectories and elastic modes can be 
stabilized using only output feedback.
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Trajectory Control: 
Stabilizer Open Loop
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Trajectory Control: 
Stabilizer Closed Loop
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Chapter 4 
D etum bling and R eorientation  
M aneuver o f N A SA  SSOLE 
System
4.1 In tro d u ctio n
In this chapter, Control System Design for reorientation and detumbling m a­
neuvers and elastic mode stabilization of SCOLE system is considered. A new 
O rbiter Control Law is derived such tha t detumbling maneuver and attitude 
control of orbiter can be accomplished using shuttle input torque. Using this
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Using this control law, any given reference angular velocity trajectory, u T, 
can be reproduced by the control system during detumbling maneuver. Fur­
therm ore, by a judicious choice of the reference trajectory uiT(t), desired 
orientation of orbiter can be attained in spite of the elastic oscillations of 
the beam  caused due to  maneuver of the space vehicle. In the closed-loop 
system including the orbiter control law, the elastic dynamics of the SC OLE 
configuration representing transverse vibration in two orthogonal planes and 
the torsional deformation of the elastic beam, are asymptotically decoupled 
from the rigid mode dynamics. Using linear control theory, a stabilizer is de­
signed for elastic mode stabilization. For the synthesis of the controller only 
attitude angles, angular rates, tip  elastic deflection components and torsion 
deflection at the tip of the beam are assumed to be measured by sensors. An 
observer is designed to estim ate the elastic modes and their derivatives, and 
these are used for synthesizing the control law.
The organization of the chapter is as follows. Section 2 presents the 
m athem atical model. The orbiter control law is derived in section 3. Section 
4 presents elastic mode stabilizer, and finally section 5 presents simulation 
results.
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4 .2  P ro b lem  F orm u lation
As indicated in the previous chapter, the dynamical equations of the system
are
(4.1)
where T  denotes transposition.
h  A 2
AS A ,
u> N 2(0,6,UJ,q) Bx
— +
q -I<q b 2
u (4.2)
We are interested in deriving control laws such th a t in the closed-loop 
system detumbling and reorientation maneuvers can be performed.
Detumbling Maneuver:
Let a reference angular velocity trajectory wr , be given such th a t u r(t) —> 
0, as t —> 00 . We are interested in deriving a control law such tha t in the 
closed-loop system = Lo(t) — u>T(t) —> 0, as it —> 00 , and the elastic 
modes are stabilized. The derivation of orbiter control torque vector for uir 
trajectory  tracking will be based on nonlinear inversion of an input-output 
map.
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Reorientation Maneuver:
Let 6r (t) be a given reference a ttitude trajectory, such tha t 6r(t) —> 6 *, 
a  desired attitude angle, as t  —► oo. We are interested in deriving a control 
law such th a t in the closed-loop system 0 (t) —> 6r(t), as t —► oo, and elastic 
modes are stabilized. The rotational maneuver to  atta in  desired orientation 
will be accomplished by a judicious choice of u>r(t) in the detumbling control 
law.
4 .3  C ontro l L aw s for R o ta tio n a l M an eu ver
In this section, control laws for rotational maneuvers will be derived.
4.3.1 Detumbling Maneuver:
Here first the design of control system for uiT trajectory tracking is con­
sidered. To derive the control law the inversion of the input (Go)- output (u) 
m ap is considered. For the inversion of input-output ( i-o) map, we consider 
the derivative of u> from (4.2) which is
us = R \i  [N2(0 , 6 , us, q) +  B\u\ -f R i i \~ K q  +  B 2U] (4.3)
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where D~1=(Rij), i,j = 1,2 and R,j are submatrices of D ~l of appropriate 
dimensions. Define ur= (F T, M ^T)T, and ug =  Go- Then in view of the special 
form of matrices B{, it follows tha t
w =  [R\\{N 2{0 ,Q,w,q) +  B i 2Ur} +  R \2{—K q  +  B 22Ur}] +  R \\u g (4.4)
=  a*(6 , 0 , u ,  q, q, ur) +  R u u g
where
a* =  i?n{iV2 +  B \2Ur } +  R \2{—K q  +  i?22Ur }
Since it is desired to track the reference trajectory u;r , we choose a control 
law ug of the form
ug = R u [ —a* — \u>(t) + u r (t)] (4.5)
where A > 0. Substituting control law (4.4) in (4.5) gives
&(t) =  —A u>(t) (4-6)
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Solving (4.6) gives,
u)(t) =  exp(—At)w(O).
Thus ai(t) —* u r(t), as t —> oo; and if <I>(0)=0, it follows tha t co(t) = ujr(t), 
for all t >  0. By choosing suitable smooth trajectory ujr(t) converging to 
zero, one can accomplish desirable detumbling maneuver. If u T(t) —> 0 as 
t —* oo; then 0(t) —> 0 and 6 (t) —> 6d, a constant vector. In such a case when 
detumbling maneuver is completed, the orbiter attains a fixed orientation.
4.3.2 Reorientation Maneuver:
Now we shall derive a control law ug such tha t 6 {t) —> 0T(t), a given 
reference attitude trajectory, as t —> oo, giving a desired orientation of the 
orbiter. This will be accomplished by a suitable choice of reference trajectory 
u>T(t) in the detumbling control law (4.5), such tha t the desired orientation 
is asymptotically attained.
Since in the closed-loop system (4.2) and (4.5), u>{t) —> ujT(t), we have tha t 
M ~ 1(0)ui(t) —> M ~ 1(0)uiT(t), as t —* oo. Thus the asymptotic relationship 
between 0 and w obtained from (4.1) is
0 =  M ~T(0)ior (4.7)
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as t  —> co. Since it is desired to track 9r(t), in view of (4.7), it follows tha t 
a suitable choice of u T is
wr =  M t {9)[-/i 9 +  9r] (4.8)
where fi > 0, and 9 =  {9 — 9r). 
From equation (4.1), we have
9 =  M  (9){u + u r)
= M - T (9)[ib + M T (9)(- ii9  + 9r) ] (4.9)
which yields
9 = - n 9  +  M ~ T {9)ti (4.10)
Since for any choice of wr (i), in the closed-loop system including the control 
law (4.5), u> —> 0 as t —> oo, asymptotically (4.10) reduces to
9 = - n 9  (4.11)
It is interesting to note th a t by a proper choice of reference trajectory  u>r as
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given in (4.8), one obtains a first order linear differential equation asym ptot­
ically for the a ttitude angle tracking error. It is obvious from (4.11) tha t for 
any w(0), wr (0), 0(0), and 0r(O); 0(f) —* 0, as t —» oo. Let 6 = 6* corresponds 
to  a desired orientation of the orbiter. Thus if 0T{t) —> 6 *, then 0(f) —> 0*, as 
i —> oo, and the desired orientation of the orbiter is attained.
Furthermore, with the choice of o>(0) =  0 and 0(0) =  0, it follows from 
(4.6) that io(t) =  0 for all t > 0. Then substituting u)(f)=0 in (4.10), and 
using 0(O)=O, it follows th a t 0(f) =  0 for all t > 0, and in the closed-loop 
system trajectories u>T(t) and 0r (i) are exactly reproduced for all t > 0. This 
way, the SCOLE system can be maneuvered to atta in  specified time-varying 
orientation at each instant t  > 0, which is useful for tracking a rotating target 
in space.
The control law for reorientation maneuver is obtained by combining (4.5) 
and (4.8) which is
ug =  R ^ [ -a * -X {L O -M T( 6 ) ( - li6+6T) } + M T(e, 0 )(- /i0 + 0 r)+ M r ( 0 ) ( - ^ + 0 r)]
(4.12)
where M (0,0) =  [(<9M,j/<90)0], i,j= l,2,3  and Mij are the elements of the 
m atrix M.
We notice from (4.12) tha t the second order derivative of 0T is required 
in the control law. For this purpose one can choose a th ird  order a ttitude 
angle command generator of the form (i=l,2,3)
9ri +(2(rt'U;nrt- +  Ar,')6ti +  2((r,'U;nr,'Ar,-+W r^t')^rt+U^T.t-Ar:-#rt- — U!^ riXri0* (4.13)
where 9r =  (#r l , 6 t2, 9t3)t . The param eters (w, Ar,-, and wnri- are appropriately 
chosen to obtain desired reference trajectory 9r(t) term inating at 6 *. It can be 
easily verified tha t the poles associated with (4.13) are at -Ar,- and {—Cr«wnrf ±
;uv,'(l -  O ' 12}-
4 .4  E la stic  M o d e  S tab ilizer
We note tha t when the detumbling controller (4.5) is used, u>(t) —> 0, and 
u( t)  —* 0, as t —> oo for an appropriate choice of wr (i). Also in the closed- 
loop system including the reorientation controller (4.12), one can choose 6r(t) 
such tha t 9(t) —► 9*, 9(t) —»■ 0, u ( t)  —> 0, and u(t)  —> 0, as t  —> oo.
Since in the closed-loop system (4.2) and (4.5) or (4.2) and (4.12), uj(t) —> 
0 and u>(t) —* 0, irrespective of the elastic oscillation of the beam; it follows
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from (4.2) th a t the elastic dynamics get asymptotically decoupled from the 
rigid dynamics as t —► oo. Setting u>(t) =  0 in (4.2), gives the decoupled 
elastic dynamics of the form
A$q — —K q  +  B 22UT (4.14)
For the damping of the vibration, it is necessary to stabilize system (4.14). 
In previous chapter a state variable form of z  is
z —
OnXn -fnxn
~A3 Onxn
Z +
0
B 22
UT (4.15)
— A ez  "I- B eiiT
Again, the pole assignment technique is used. The linear feedback control 
law is the  same as chapter 3, which is
ur = —Fez (4.16)
The m atrix  Fe is chosen such th a t the closed-loop m atrix A ec =  (A e — B eFe)
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is a Hurwitz m atrix and has specified eigenvalues.
Although, the control laws ug and u r have been derived independently and 
the derivation of ur is based on a reduced order linear model, boundedness 
of elastic modes can be established in the complete full order closed-loop 
system for any bounded trajectory  u T{t) and <l>T(t). In the following we shall 
obtain a bound on the elastic modes.
In the closed-loop system w ith control law ug of (4.5), we note tha t £> —> 0 
as t —¥ oo. The elastic dynamics obtained from the systems (4.2), (4.5), and 
(4.16) are given by
i  =  A ecz  +  B su  (4.17)
where I?s= [0  (-A jl A%)T]T. Using u> =  Cjt — \Cb obtained from (4.6), (4.17) 
gives
i  =  A ecz  +  B s(ur -  ACb) (4.18)
The solution of (4.18) is
z(t)  =  (j)(t — tQ)z0 + f  4>{t -  T ) B a{ u r — Au})dr (4.19)
Jt0
where z0 = z ( t0) and the transition m atrix <j>(t) associated with the m atrix
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Aec is given by
<f>(t) =  exp(Aect)
We assume in the following th a t u>r and ujt are bounded. Furtherm ore, 
the solution of (4.6) gives, ||u>|| =  e-A<||w(0)|| <  oo, where ||.|| denotes the 
Euclidean norm  of a vector. Thus it follows th a t there exists a function 
7 (t) <  oo such th a t for all t  > 0 .
||i?s(wr -  Aw)|| <  7 (<) <  70 <  oo
where 70 is a constant. Since A ec is a Hurwitzm atrix ||^ ( i—/0)||t <  m e~a^~to) 
for some m  >  0 and a  > 0, where ||.||j is the induced matrix norm  (Vidysagar 
1978). Let u>d =  ujt — Au> and z ( t0) =  z0. Taking the norm and using triangle 
inequality, (4.19) gives (to >  0)
| | * ( 0 l l  <  ll</>(* -  < o ) | | - I M  +  f* -  r ) | | i . | | B aw«j(r)||<ir
Jto
< m e ~ a<<t~to'>\\zo\\-\-m f  e~a^~T^ ( r ) d r  
Jto
<  m e- "^~*°)||20|| +  (m /a ) (  1 — e_“^_to )^70
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<  m (||zo|| +  a  1~fo) <  oo (4.20)
This proves th a t in the closed-loop system q(t) and q(t) are bounded pro­
vided tha t the reference trajectory is such th a t toT{t) and coT(t) are bounded 
functions and (4.20) gives a bound on ||z(t)||-
For a choice of a reference trajectory ojr (t) in the closed-loop system with 
the detumbling control law, for which u>r(t) —* 0 and ojT(t) —> 0, as t —> oo, 
u)(t) and u(t)  —> 0 as well, as t  —> oo. In such a case, in the closed-loop 
system, it is obvious from (4.17) tha t z(t)  —> 0 as f —> oo, since A ec is 
Hurwitz m atrix.
The stabilizer has been designed by setting w(t) =  0 in (4.2). Since 
oj(t) and uj(t) asymptotically tend to zero for a proper choice of u>r(t), a 
question arises: at what instant should the elastic mode stabilizer-loop be 
closed? According to (4.20), if the stabilizer is switched at the instant to, 
following a rotational maneuver command beginning at t =  0, the elastic 
modes remain bounded for all t > t0, provided z ( t0) is bounded. However, 
since the stabilizer is not in the loop during the period [0,to]> divergent elastic 
oscillations will result during this period in the system (4.17) in which A ec= A e 
(since Fe = 0, i.e; zero stabilization signal) if the reference trajectories cor(t)
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happen to contain sinusoidal signals of frequencies coinciding with the natural 
frequencies of vibration of the beam. These natural frequencies of oscillation 
are given by the purely imaginary eigenvalues of the open-loop m atrix A e. 
Thus it is preferable to keep the stabilizer loop closed from the instant t  =  0 
to  avoid structural resonance. Observer design is the same as discussed in 
chapter 3.
4 .5  S im u la tion  R e su lts
We present here the results of digital simulation. The numerical values of 
various matrices 70, A j ,  K , B 2 and CTO, and the complete expression 
of nonlinear function iV2 have been taken from Kakad (1987). Here we set 
n  =  8. The appendix lists the maximum limits of control inputs. The mass 
of the antenna is 400/fts, and the mass of the Shuttle body is 2.050 x10slbs 
Fisher (1989).
We chose A =  y  =  0.55 for reorientation control law and detumbling 
control law. For tracking, a representative command reference attitude tra­
jectory is generated using filter (4.13) with param eters Ari- =  0.55 £ri- =  .707, 
and uinri =  A„•/£«'• The term inal angles 0* ( i= l,2 ,3 ), are chosen as 15°,
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14°, and 13° (roll, pitch, and yaw, respectively). Since in the practical 
situation, the control magnitudes are lim ited, we have introduced control 
saturation functions in digital simulation. In this study, the initial condi­
tions are 0(0) =  0, and q{0) =  <j(0) =  0. The observer poles are placed 
at -1 8  ± jl.2 4 2 4 , -1 8  ± j2 .1 5 7 1 , -1 8  ±  ;'4.7615, -1 8  ±  y'7.4541, -1 8  ±  
j  12.5634, —18±j29.9435, -18± j34 .3916, and -18±j'77.1321. The stabilizer 
poles are located a t —1.2± j l . 6841, —1 .2 ± j  1.8951, —1.2±y'4.8035, —1.2±  
j  7.4018, —1.2 ±  j'12.4961, -1 .2  ±  j'29.9426, -1 .2  ±  j'34.3913, and -1 .2  ±  
j 77.1313, by using pole placement technique. These pole locations have been 
selected by trial and error and by observing the simulated response.
(a) A D etum bling Maneuver:
For detumbling maneuver, an exponentially decaying reference 
trajectory of the form wr (t) =  u>r(0)exp(—0.5t) for tracking was 
considered. The initial conditions wereu;(0) =  (3 ,2 ,1)T degrees/sec, 
and wr(0) =  (5 ,4 .5 ,4)T degrees/sec. The initial conditions of the 
observer were 9,(0) =  (—0.01) and 9,-(0) =  0, i=l,2,....,8. Thus 
9(0) =  (0.01) and initial tracking error d>(0) =  (—2, —4.5, —3)T 
degrees/sec. Selected responses are shown in Fig. 4.2. It is in-
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teresting to observe th a t inspite of the control saturation and the 
use of only estim ated states in the control law, the tracking error 
tends to zero in about 10 seconds. We observe tha t 0 converges to 
a constant value as predicted, and elastic modes oscillations are 
suppressed.
(b) A  R e o r ie n ta t io n  M an eu v e r:
Simulation was done to  examine the reorientation maneuver capa­
bility of the controller. For this purpose, the tracking of the refer­
ence attitude trajectory, 0r(i), term inating a t 9*{t) = (15°, 14°, 13°)r  
was considered. The initial conditions were the same as described 
in case (a). The selected responses are shown in Fig. 4.3. The 
response of an estim ated state was somewhat similar to those of 
case (a). Here the attitude angle response 6 (t) closely followed the 
reference a ttitude trajectory 0T(t), but due to the control limits 
and the state estim ation error, there was a small error in 0  track­
ing. The a ttitude  angle 6 converged to 6 * and elastic oscillation 
was suppressed in less than 10 seconds.
(c) E ffec t o f  th e  M o d a l E rro r :  T h e  S p illover:
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Simulation was done to  examine the effect of control and obser­
vation spillover by assuming tha t the actual dynamical model of 
SCOLE System has 10 elastic modes q,(t). However, the con­
troller, designed for the  lower order model having only 8 elastic 
modes, was retained. To include the effect of observation spillover, 
the measured signal ym(t) in the observer (4.30) was replaced by 
V m  = Cmaqa, where qa =  (qu  q2, . . . . ,  ?io)T- Here Cma is a 3 x 10 
output m atrix  whereas Cm is a 3 x 8 m atrix. The initial condi­
tions of case (6) were retained except <fr(0) =  (—1.1), i=1,2,3,....,8 ; 
w(0) =  0; and ^,(0) =  q =  0, i=l,2,3,....,10. Selected responses 
are shown in Fig. 4.4. We observe only a small effect of model 
truncation on on the controller. Stable responses were obtained. 
The desired orientation is attained in about 30 seconds. Bounded 
and convergent oscillation of the beam was observed in the sim­
ulation. These oscillatory responses are insignificant after 100 
seconds. However it should be noted tha t the structural damping 
(which has been neglected in the study) will cause the dissipation 
of energy and eventually even these small oscillations will vanish.
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4 .6  C on clu sion
The control of slewing maneuvers of NASA SCOLE system was considered. 
The design was accomplished by decomposing the slew maneuver problem 
from the elastic mode stabilization problem. Orbiter control system were 
for detumbling and reorientation maneuvers. The orbiter a ttitude controller 
was obtained by a judicious choice of reference angular velocity trajectory in 
the detumbling control law such th a t any smooth attitude trajectory can be 
followed. Stabilization of elastic modes was accomplished by a linear stabi­
lizer using end body forces and moment. For the synthesis of the controller, 
a linear state estimator was designed using elastic deformations of the beam 
at the tip. Extensive simulation results showed th a t rotational maneuvers of 
the spacecraft can be performed to follow precise angular velocity or a ttitude 
trajectories and elastic modes can be stabilized using only output feedback.
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Chapter 5
Conclusion
An approach to the three axis attitude control, detumbling and reorienta­
tion control law of a NASA SCOLE System based on invertibility results 
by deriving two decoupling control laws has been presented. In Chapter 3, 
the control law allowed independent control of the a ttitude angles using the 
control moments acting on the vehicle. In Chapter 4, orbiter control system 
was designed for detumbling and reorientation maneuvers. The controller 
was obtained by selecting the reference angular velocity trajectory. A linear 
stabilizer was designed for vibration damping using low order asymptotically 
decoupled elastic dynamics describing the transverse vibration and torsional 
deformation of the beam. For the synthesis of the controller, a linear observer
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was designed using elastic deformations of the beam at the tip. Extensive 
simulation results showed th a t the  large maneuvers of the spacecraft can be 
performed to follow precise a ttitude  trajectories and angular velocity trajec­
tories, and elastic modes can be stabilized using only output feedback. The 
question of observation spillover is also considered in this research.
There are several interesting questions which remained to be examined 
in this area. The question related to sensor and actuator dynamics and 
sensor noise are quite im portant and m ust be answered in the realistic design. 
Also, the question related to the optimal maneuver with control magnitude 
constraints and minimal elastic deformations needs to be treated. However, 
these questions are not considered here, since these are beyond the scope of 
this exploratory study.
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A ppendix
• C O N T R O L  L IM IT S
G0 (t) =  100,000 ft-lbs (moment applied at the orbitr mass center) 
Fo(t) =  800/6s (force applied at the orbiter mass center)
M ^r =  100,000 ft-lbs (moment applied at the reflector e.g.)
• F L E X IB L E  M O D E S  O F  S C O L E  M O D E L
THREE DIMENSIONAL MODE SHAP1E CHARACTERISTICS 1
MODE No. 1 2
FREQ. (HZ.) 0.27804240E+00 0.31357296E+00 j
a 0.12012084E+01 0.12756518E+01
Ax 0.16282665E+00 0.38855291E-02
Bx -0.19670286E+00 -0.14998387E-01
cx -0.16983450E+00 -0.43321018E-02
Dx 0.19616259E+00 0.14985820E-01
Ay -0.10274618E-01 0.14219781E+00
By 0.57579133E-02 -0.22695797E+00.
Cy 0.11810057E-01 -0.19283105E+00
Dy -0.57220462E-02 0.2264456 lE+OO
<*i 0.19360955E-01 0.21835058E-01
A* -0.50748354E-01 0.31115282E-01
5* 0.13978018E-04 -0.7599233 7E-05
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MODE No. I 3 1 4
FREQ. (HZ.) 0.81300189E+00 1 0.11856099E+01 '
a 0.20540387E+01 0.24804687E+01
Ax 0.40868188E-01 0.80641794E-01
Bx -0.61958845E-01 -0.67233377E-01
cx -0.41309992E-01 -0.80913938E-01
Dx i U.618E0796E-01 0.67106316E-01
-0.22438404E-01 0.13728679E+00
By 0.36509234E-01 -0.11746932E+00
C7 0.24390447E-01 -0.14085209E+00
£>y -0.36464758E-01 0.11725057E+00
ai 0.56611842E-01 0.82557693E-01A* 0.92698901E-01 -0.16158934E-03B* -0.87320799E-05 0.10437718E-07
MODE No. 5 6
FREQ. (HZ.) 0.20536300E+01 0.49716090E+01
a 0.32645546E+01 0.49716090E+01
Ax 0.99278129E-01 0.45739784E-01
Bx -0.92344553E-01 -0.46365581E-01
cx -0.99442145E-01 -0.45763106E-01
Dx 0.92225801E-01 0.46329676E-01
Ay -0.57396019E-01 0.78612940E-01
B., 0J3976008E-01 -0.79952853E-01
c ? 0.58114853E-01 -0.78914485E-01
D7 -0J3906980E-01 0.79891039E-01
0.14300062E+00 0.33165303E+00
- At -0.16588614E-02 -0.93394833E-05
■ Bj. 0.61861804E-07 0.15017211E-09
MODE No. 7 8
FREQ. (HZ.) 0.55157833E+01 0.12281249E+02
a 0-53501560E+01 0.79833305E+01Ax 0.81311804E-01 0.44835061E-01Bx -0.82056569E-01 -0.44834914E-01cx -0.81344923E-01 -0.44840508E-01
Dx 0.81997259E-01 0.44813000E-01
Ay -0.47145439E-01 0.77404756E-01
By 0.47703590E-01 -0.77465629E-01
Cy 0.47289807E-01 -0.77475327E-01Dy -0.47669155E-01 0.77427782E-01
«* 0.38408110E+00 0.85518143E+00A♦ -0.23855560E-02 0.15830371E-05
. Bt 0.33122041E-07 -0.98715017E-11
MODE No. 9 10
FREQ. (HZ.) 0.12890442E+02 0.23679520E+02
a 0.81789349E+01 0.11085347E+02Ax 0.78743J85E-01 0.44348498E-01Bx -0.78755259E-01 -0.44367373E-01cx -0.78752483E-01 -0.44350511E-01
Dx 0.78717693E-01 0.44351763E-01
Ay -0.45569244E-01 0.76707490E-01
By 0.45609474E-01 -0.76762782E-01
Cy 0.45607884E-01 -0.76733612E-01
By -0.45587726E-01 0.76735779E-01
<*i 0.89760145E+00 0.16488784E+01A> 0.94995483E-03 -0.51105957E-06
B.i -0J6437766E-08 0.16528495E-11
•  M A T R I X  A 3
A3 =
’ 0.12927E+2 -0.46332E-1 -0.56706E-1 -0.2367IE-1  -Q24Q99EQ 
-0.46332E-1 0.1293IE +2 0.50635E-1 -0.48234E-1 0.13228E0 
-0.56706E-1 0.50634E-1 0.13644E+2 -0.29552E-2, -0.30599EO 
-0.23671E-1 -Q.48234E-1 -0.29553E-2 0.12541E+2 0.44849E-2 
-0.24099E0 0.13228E0 -0.30599E0 0.448486E-2 0.1324E+2
0.32322E-2  0.65114E-2  -0.41218E-3 -0.11644E-1 -0.22449E-3 
0.1227IE0 -0.71133E-1 -0.19374E-1 -0.14618E-2 -0.32102E0 
--0.11158E-2 -0.23852E-2 022245IE-3  0.42121E-2 -0.10488E-3 
-0.57067E-1 0.34303E-1 0.65492E-1 0.40936E-3 0.11851E0
0.12044E-2 0.10106E-2 0J4187E-3 -0.23616E-2 -0.18768E-2
0.32323E-2 0.12271E0 -0.11158E-2 -0-57067E-1 0.12045E-2'
0.65114E-2  -0.71133E-1 -023852E -2 0.34302E-1 0.10106E-2 
-0.41218E-3 -0.19374E-1 0.2245E-3 0.6549IE-1  0J4187E-3
-0.11644E-1 -0.14618E-2 0.4212IE-2  0.40936E-3 -0.23616E-2 
-0.22449E-3 -0.32102E0 -0.10488E-3 0.11851E0 -0.18768E-2 
0.12432E +2 0.17594E—3 -0.57146E-3 -0.10095E-3 0.31955E-3 
0.17594E-3 0.12606E+2 0.82787E-5 -0.67559E-1 0.76582E-3 
-0.57146E-3 0.82787E-5 0.12425E+2 0.10429E-4 -0.11519E-3 
-0.10095E-3 -0.67559E-1 0.10423E-4 0.12477E+2 -0.2948E-3 
0.31955E-3 0.76582E-3 -0.11519E-3 -0.2948E-3 0.12423E+2
1 U
•  M A T R I X  Al
A l «
‘ 0.7142542E2 -03890922E+3 0.9536207E+1 
0.2384121E+3 -0.3622244E +2 0.2742315E+1 
-0.5915277E+2 -0.1761796E+3 0.2077235E2 
0.2843785E+3 -0.469601 IE +1 0.1623039E+1 
-0.3872402E+3 0.6004922E+2 -0.1236509E+1 
-0.2010108E2 0.3311526E2 -0.1009266E+1
0.1731334E+3 0.7672109E+2 -0.4794385E+1 
0.1495208E+2 -02067402E+2 0.6422631E0 
-0.81759E+2 -0.6396428E +2 0.3995166E1 
-0.3200308E+1 0.1692286E+2 -0.4793963E0
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